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Abstract
The purpose of this paper is to introduce the notion of real closed rings of higher level in the
category of reduced commutative rings. Such real closed rings of higher level are just generalized
real closed fields in case the rings considered are fields. With the aid of the theory of totally integrally
closed rings, some important results on real closed rings of higher level are established. The results
in this paper involve real valuations and a related characterization of real closed rings of higher level.
 2005 Elsevier Inc. All rights reserved.
Keywords: Ordering of higher level; Real closed ring of higher level; Real valuation; Tight integral extension;
Totally integral closure
0. Introduction
In the theory of real fields, the notion of real closed fields plays an important role,
see [16]. As a generalization of the notion of real fields, the notions of semireal rings and
real rings have been introduced in the category of commutative rings. The study of semireal
rings and real rings has become an area of the subject called real algebra (see [12]), and
many important results on the two kinds of rings have been established and applied. The
notion of real closed fields have been generalized to the category of commutative rings in
many manners. In Ref. [17], the notion of real closed rings is introduced by means of tight
totally integrally closed rings. Recently, in Ref. [19] we introduce the so-called semireal
closed rings, which have more desirable properties than real closed rings introduced in [17].E-mail address: zenggx@ncu.edu.cn.
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coincide with real closed fields.
As another successful generalization of the Artin–Schreier theory, E. Becker first in-
troduced the notion of orderings of higher level for a formally real field. Many important
results on orderings of higher level may be found in Refs. [2–7]. In the theory of higher
level orderings, the role played by real closed fields is replaced by real closed fields of
higher level (i.e., generalized real closed fields). It is a natural trend to extend the theory of
higher level orderings from the category of fields to that of commutative rings, and many
important results on higher level orderings of fields have been generalized to commuta-
tive rings, e.g., see Refs. [15,18]. It is a natural question how to generalize reasonably the
notion of real closed fields of higher level to the category of commutative rings.
The purpose of this paper is to introduce the notion of real closed rings of higher level.
Such real closed rings are exactly real closed fields of higher level in case the rings con-
sidered are fields. The results in this paper show that our notion of real closed rings is
reasonable.
Throughout this paper, “ring” means “commutative ring with identity 1,” and every sub-
ring has the same identity as its overring. A ring R is called semireal if −1 is not a sum of
squares in R. For a ring R, an extension ring S of R is said to be tight if every non-zero
ideal of S contracts to a non-zero ideal of R. In Ref. [10], Enochs introduced the concept
of a totally integrally closed ring to generalize the concept of an algebraically closed field.
A ring I is called a totally integrally closed ring if, for any ring homomorphism σ :A → I
and any integral extension B of A, there is a homomorphism of B into I extending σ .
In order to apply the theory of totally integrally closed rings, the rings considered in this
paper are always assumed to be reduced rings, i.e., rings without non-zero nilpotent ele-
ment. According to Theorem 2 in [10], every ring R considered in this paper possesses a
tight integral extension, called the totally integral closure of R, which is totally integrally
closed and is also unique up to R-isomorphism. Some concepts and results related to totally
integrally closed rings can be found in [10,11].
Moreover, in what follows, the following symbols are kept: N := the set of positive
integers; Z := the ring of integers. For any subset S of a ring R, S˙ stands for the set of
all non-zero elements in S. Moreover, for two sets A, B , write A \ B for the set {x | x ∈
A but x /∈ B}.
1. Real closed rings of higher level
In this section, we introduce the notion of real closed rings of higher level, and establish
some important facts about such real closed rings. First, let us recall the definitions of
preorderings and orderings of higher level of a ring. Let R be a ring. A subset T of R is
called a preordering of level n if T + T ⊆ T , T · T ⊆ T , −1 /∈ T , and x2n ∈ T for every
x ∈ R. A preordering P of level n of R is called an ordering of level n, if the additional
conditions are satisfied: (1) ℘ := P ∩−P is a prime ideal of R; (2) for x, y ∈ R, xy2n ∈ P
implies x ∈ P or y ∈ ℘; and (3) P˜ := {p˜x˜−2n | p ∈ P, and x ∈ R \ ℘} is an ordering of
level n of the fraction field k(℘) of R/℘, where x˜ is the image of x under the canonical
homomorphism of R into R/℘ for x ∈ R. If the ordering P˜ is of exact level m, i.e., the
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ordering of exact level m of R. In this case, m is obviously a divisor of n. When P is an
ordering of level n of R, the pair (R,P ) will be called an ordered ring of level n.
Definition 1. Let both (R,P ) and (S,Q) be ordered rings. (S,Q) is called an ordered
extension of (R,P ), if R ⊆ S, Q∩R = P , and P and Q have the same exact level. In this
case, we also say that Q is an extension of P to S.
Now we give the definition of real closed rings of higher level as follows:
Definition 2. An ordered ring (R,P ) is called real closed, if there is no proper tight integral
extension of R which possesses an ordering extending P .
Clearly, for an ordered field (F,P ) of level n, (F,P ) is real closed in the sense of
Definition 2 if and only if (F,P ) is a (generalized) real closed field in the usual sense.
For the existence of real closed rings of higher level, we obtain the following proposi-
tion.
Proposition 1.1. Every ordered ring (R,P ) of level n admits a real closed ordered exten-
sion (R̂, P̂ ) such that R̂ is a tight integral extension of R.
Proof. Denote by I (R) the totally integral closure of R. An easy application of Zorn’s
lemma shows that there exists a maximal subring R̂ of I (R) containing R such that P can
be extended to an ordering P̂ of R̂. By Lemma 3 in [17], R̂ is a tight integral extension
of R.
Let (S,Q) be an ordered extension of (R̂, P̂ ) such that S is a tight integral extension
of R̂. Then there is a ring homomorphism π of S into I (R) such that π(a) = a for all
a ∈ R̂, since I (R) is totally integrally closed. Suppose ker(π) = {0}, where ker(π) is the
kernel of π . Since S is a tight extension of R̂, we have ker(π) ∩ R̂ = {0}, a contradiction.
Thereby, π is an injection. It is easy to see that (π(S),π(Q)) is an ordered extension of
(R̂, P̂ ). By the maximality of (R̂, P̂ ), we have (π(S),π(Q)) = (R̂, P̂ ) and S = R̂. Thus,
there is no proper tight integral extension of R̂ which possesses an ordering extending P̂ .
By Definition 2, (R̂, P̂ ) is real closed. This completes the proof. 
In the sequel, for an ordered ring (R,P ), such a real closed ring (R̂, P̂ ) as in Proposi-
tion 1.1 is called a real closure of (R,P ).
Theorem 1.1. Let (R,P ) be an ordered ring, and let I (R) be the totally integral closure
of R. Then (R,P ) is real closed if and only if for every prime ideal p of R contained in
P ∩ −P , p is also a prime ideal of I (R) and (R/p,P/p) is real closed.
Proof. Necessity. Assume that (R,P ) is real closed. For every prime ideal p of R con-
tained in P ∩ −P , there is a prime ideal q of I (R) such that q ∩ R = p, since I (R) is
integral over R. In this case, we have (R + q)/q ∼= R/(q ∩ R) = R/p. Denote by τ the
composition of the canonical homomorphisms: R + q → (R + q)/q → R/p, and write
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to prove that (R + q,P + q) is an ordered extension of (R,p). By Lemma 3 in [17], R + q
is a tight integral extension of R. By Definition 2, we have (R + q,P + q) = (R,P ) and
R + q= R. It follows that q⊆ R. Thereby, p= q∩R = q, i.e., p is a prime ideal of I (R).
According to Proposition 3 in [10] and Proposition 5 in [11], I (R)/p is a totally inte-
grally closed ring. From Lemma 1 in [17], it follows that I (R)/p is a tight extension of
R/p. This implies that I (R)/p is the totally integral closure of R/p. Obviously, P/p is
an ordering of R/p, and P/p has the same exact level as P . By Proposition 1.1, there is
a real closure (S,Q) of (R/p,P/p) such that S ⊆ I (R)/p. Clearly, S may be expressed
as S = S/p, where S is a subring of I (R) containing R. Denote by Q the preimage of Q
under the canonical homomorphism: S → S/p. It is easy to see that (S,Q) is an ordered
extension of (R,P ). So we have S = R and Q = P . Therefore, (R/p,P/p) (= (S,Q)) is
real closed.
Sufficiency. Assume that the conditions stated in Theorem 1.1 are satisfied by every prime
ideal of R contained in P ∩−P . By Proposition 1.1, there is a real closure (S,Q) of (R,P )
such that S ⊆ I (R). Put q := Q∩−Q and p= q∩R. Clearly, p is a real prime ideal of R.
Moreover, we have p= (Q∩−Q)∩R = P ∩−P . By the assumption, p is a prime ideal of
I (R) and (R/p,P/p) is real closed. Since I (R) is integral over S, there exists a prime ideal
q′ of I (R) such that q′ ∩ S = q. It follows that q′ ∩R = (q′ ∩ S)∩R = q∩R = p= p∩R.
By Corollary 5.9 in [1], we have q′ = p. This yields q = p. In this case, I (R)/p is the
totally integral closure of R/p, and S/p is a tight integral extension of R/p. It is easy
to see that (S/p,Q/p) is an ordered extension of (R/p,P/p). Since (R/p,P/p) is real
closed, we have S/p= R/p and Q/p= P/p. It follows that (S,Q) = (R,P ). This implies
that (R,P ) is real closed. The proof is completed. 
Actually, Theorem 1.1 may further be improved as follows:
Theorem 1.2. Let (R,P ) be an ordered ring, and let I (R) be the totally integral closure
of R. Then the following statements are equivalent:
(1) (R,P ) is real closed;
(2) For every prime ideal p of R contained in P ∩ −P , p is a prime ideal of I (R) and
(R/p,P/p) is real closed;
(3) For some prime ideal p of R contained in P ∩ −P , p is a prime ideal of I (R) and
(R/p,P/p) is real closed.
Proof.
(1) ⇒ (2) follows immediately from Theorem 1.1.
(2) ⇒ (3). Obvious.
(3) ⇒ (1). Assume that p is a prime ideal of I (R) and (R/p,P/p) is real closed for
some prime ideal p of R contained in P ∩ −P . By Proposition 1.1, there is a real closure
(S,Q) of (R,P ) such that S ⊆ I (R). Since p is a prime ideal of I (R), I (R)/p is the
totally integral closure of R/p, and S/p is a tight integral extension of R/p. Observe that
(S/p,Q/p) is an ordered extension of (R/p,P/p). By the assumption that (R/p,P/p) is
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(R,P ) is real closed. The proof is completed. 
Now let (R,P ) be an ordered ring with P ∩ −P = {0}. Since P ∩ −P is a prime
ideal, R is a integral domain. Denote by F the fraction field of R. Then, F possesses the
following ordering induced by P :
PF =
{
a
b
∣∣∣ a, b ∈ P and b = 0}.
Obviously, P and PF have the same exact level. For the sake of convenience, the ordered
field (F,PF ) will be called the ordered fraction field of (R,P ) in the sequel.
Proposition 1.2. Let (R,P ) be an ordered ring with P ∩ −P = {0}, and (F,PF ) the
ordered fraction field of (R,P ). Then (R,P ) is real closed if and only if (F,PF ) is real
closed, and R is integrally closed in F .
Proof. Denote by Ω the algebraic closure of F . Then, Ω is the totally integral closure
of F . Write I (R) for the integral closure of R in Ω . Clearly, I (R) is the totally integral
closure of R.
Assume that (R,P ) is real closed. By Proposition 1.1 and its proof, (F,PF ) admits a
real closure (F̂ , P̂F ) such that F̂ ⊆ Ω . Write S for the integral closure of R in F̂ , and put
Q = P̂F ∩S. It is easy to verify that (S,Q) is an ordered extension of (R,P ). Observe that
S is a tight integral extension of R. Since (R,P ) is real closed, we have (R,P ) = (S,Q)
and R = S. This implies (F̂ , P̂F ) = (F,PF ), because F̂ is also the fraction field of R.
Therefore, (F,PF ) is real closed, and R is integrally closed in F .
Conversely, assume that (F,PF ) is real closed and that R is integrally closed in F .
By Proposition 1.1, there is a real closure (S,Q) of (R,P ) such that S ⊆ I (R). Suppose
Q ∩ −Q = {0}. Since S is a tight extension of R, we have (Q ∩ −Q) ∩ R = {0}, i.e.,
P ∩ −P = {0}. This contradicts the hypothesis. Hence Q ∩ −Q = {0}. Let (K,QK) be
the ordered fraction field of (S,Q). Then, (K,QK) is obviously an ordered extension of
(F,PF ). This yields (K,PK) = (F,PF ), since (F,PF ) is real closed. This implies S ⊆ F .
Since R is integrally closed in F and S is integral over R, we have S ⊆ R and S = R.
Therefore, (R,P ) (= (S,Q)) is real closed. This completes the proof. 
Corollary. Let (R,P ) be a real closed ring of level n with P ∩ −P = {0}, and S a
multiplicatively closed subset in R˙. Then (RS,PS) is also a real closed ring of level
n with PS ∩ −PS = {0}, where RS is the fraction ring of R with respect to S, and
PS := {a/s2n | a ∈ P and s ∈ S}.
Proof. Obviously, (RS,PS) is an ordered ring of level n with PS ∩ −PS = {0}. Denote by
(F,PF ) the ordered fraction field of (R,P ). It is easy to see that (F,PF ) is also the ordered
fraction field of (RS,PS). By Proposition 1.2, (F,PF ) is real closed, and R is integrally
closed in F . Observe that RS is also integrally closed in F . Again by Proposition 1.2,
(RS,PS) is also a real closed ring of level n. This completes the proof. 
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tained in P ∩ −P , and P ∩ −P = R2m ∩ −R2m for every m ∈ N.
Proof. Denote by I (R) the totally integral closure of R. For a ∈ P ∩ −P , by Theorem 1
and Corollary 1 in [11], the monic polynomial x2m − a has a root α in I (R) for every
m ∈ N. In this case, α2m = a ∈ P ∩ −P . By Theorem 1.1, P ∩ −P is also a prime ideal
of I (R). So we have α ∈ P ∩ −P ⊆ R. Thus a = α2m ∈ R2m. Likewise, −a ∈ R2m. This
implies a ∈ R2m ∩ −R2m, and P ∩ −P ⊆ R2m ∩ −R2m. For a ∈ R2m ∩ −R2m, we have
a = b2m = −c2m where b, c ∈ R. It follows that b2m + c2m = 0 ∈ P ∩ −P . Since P ∩ −P
is a real prime ideal of R, we have bm ∈ P ∩ −P , and a = (bm)2 ∈ P ∩ −P . Thereby,
P ∩ −P = R2m ∩ −R2m for every m ∈ N.
Let p be any real ideal of R such that p⊆ P ∩−P . By the reality of p, it is easy to check
R2 ∩−R2 ⊆ p. By the preceding argument, we have P ∩−P = R2 ∩−R2 ⊆ p⊆ P ∩−P .
Therefore p= P ∩ −P . 
2. Real valuations on real closed rings of higher level
In this section, we shall investigate real closed rings of higher level via real valuations.
The discussion in this section is closely related to the theory of real closed fields of higher
level. Many important results on real closed fields of higher level may be found in the
relevant literature, e.g., [2–7].
In the sequel, all valuations on a commutative ring mean Manis valuations in the sense
of Manis [13]. Details on valuations of commutative rings can be found in [13]. Let Γ
be an ordered abelian group, written additively, and let Γ∞ = Γ ∪ {∞}, where γ + ∞ =
∞ + γ = ∞ and γ < ∞ for all γ ∈ Γ . A map v of a ring R onto Γ∞ is called a (Manis)
valuation on R, if v(ab) = v(a) + v(b) and v(a + b)  min{v(a), v(b)} for all a, b ∈ R.
In this case, Γ is called the value group of v. For a valuation v on R, we have the three
subsets of R as follows: Av := {a ∈ R | v(a)  0}, Mv := {a ∈ R | v(a) > 0}, and Cv :=
{a ∈ R | v(a) = ∞}. It is easy to check that Av is a subring of R, Mv is a prime ideal
of Av , Cv is a prime ideal of both R and Av , and Cv ⊆ Mv ⊂ Av . According to [13], such
a pair (Av,Mv) is called a valuation pair of R (precisely, the valuation pair of v), and Cv
is called the core of v. Let v be a valuation on R. According to Refs. [8,14], v is called
real if Av/Mv is a real domain, where (Av,Mv) is the valuation pair of v. It is clear that a
valuation v on R is real if and only if v(a2 + b2) = 2 min{v(a), v(b)} for all a, b ∈ R.
According to Definition 3 in [19], the compatibility between valuations and orderings
of a commutative ring may be defined as follows:
Definition 3. For an ordered ring (R,P ) of level n and a valuation v :R → Γ∞, we say
that v is compatible with P , if v(p1 + p2) = min{v(p1), v(p2)} for all p1, p2 ∈ P .
By Proposition 3 in [19], we have the fact as follows: Let (R,P ) be an ordered ring,
and v a valuation on R with valuation pair (Av,Mv). Then v is compatible with P if and
only if P ∩−P ⊆ v−1(∞) and P ∩ (Av \Mv)+Mv ⊆ P . In particular, when R is a field,
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with that of the compatibility in [3] in the category of fields.
Now let (R,P ) be an ordered ring of level n, and let v be a valuation on R with valuation
pair (A,M). Then we may construct the subset Pv of A/M as follows:
Pv = {a¯ ∈ A/M | a ∈ A∩ P },
where a¯ := a +M for every a ∈ A.
Let C denote the core of v. Then, v induces a valuation w on the domain R/C by
defining w(a + C) = v(a) for all a ∈ R. Denote by F the fraction field of R/C. Clearly,
a valuation v∗ on F may be induced in the following way:
for a ∈ R and b ∈ R \C, v∗
(
a +C
b +C
)
= w(a +C)−w(b +C).
Obviously, the value groups of both w and v∗ are the same as v, and (A∗T ∗ ,M∗T ∗)
is the valuation pair of v∗, where A∗ := A/C, M∗ := M/C and T ∗ is the image of
A \ M under the canonical homomorphism R → R/C. Write Fv∗ for the residue field
A∗T ∗/M∗T ∗ . By the permutability of residue class ring and fraction ring formation, we have
A∗T ∗/M∗T ∗ ∼= (A∗/M∗)T̂ , where T̂ is the image of T ∗ under the canonical homomorphism
A∗ → A∗/M∗. Further, we have (A∗/M∗)T̂ ∼= (A/M)T , where T is the image of T̂ un-
der the canonical isomorphism A∗/M∗ → A/M . Hence Fv∗ ∼= (A/M)T . Observe that
(A/M)T is just the fraction field of A/M . Thereby, Fv∗ may be regarded as the fraction
field of A/M .
By a routine verification, we may establish the following result.
Lemma 1. Let the notations be as above, let F be the fraction field of R/C, and write PF
for the subset {(a +C)/(b +C) | a, b ∈ P and b /∈ C} of F . Then the following statements
are equivalent:
(1) v is compatible with P ;
(2) Pv is an ordering of A/M such that Pv ∩ −Pv = {0};
(3) PF is an ordering of F , and v∗ is compatible with PF .
Theorem 2.1. Let (R,P ) be a real closed ring of level n. Then, every real valuation v on
R is compatible with P .
Proof. Put ℘ = P ∩−P , and denote by (F,PF ) the ordered fraction field of (R/℘,P/℘).
By Theorem 1.1 and Proposition 1.2, (F,PF ) is a real closed field, and R/℘ is integrally
closed in F . Denote by u the canonical valuation induced by PF . Then (A(PF ),M(PF ))
is the valuation pair of u, and Fu is the residue field of u where Fu = A(PF )/M(PF ).
First, we may assert that P ∩ −P ⊆ v−1(∞). Indeed, if z ∈ P ∩ −P , by Proposi-
tion 1.3 we have z = a2n = −b2n for some a, b ∈ R. Since v is a real valuation, v(z) =
min{v(a2n), v(b2n)} = v(a2n + b2n) = v(0) = ∞, and z ∈ v−1(∞). Hence P ∩ −P ⊆
v−1(∞).
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v(b)}. Now assume a /∈ v−1(∞) and b /∈ v−1(∞). By the preceding argument, we have
a /∈ ℘ and b /∈ ℘. For any y ∈ R, write y¯ for the element y + ℘ in R/℘. Obviously,
a¯, b¯ ∈ PF . By the compatibility of u with PF , we have u(a¯ + b¯) = min{u(a¯), u(b¯)}.
Without loss of generality, we may assume u(a¯)  u(b¯), i.e., u(a¯ + b¯) = u(a¯). Put
z := (a¯ + b¯)/a¯. Then z ∈ Au \ Mu. Thereby zˆ := z + M(PF ) is a non-zero element
of Fu. By Proposition 2.4 and Satz 2.2 in [3], F 2u is an archimedean ordering of Fu.
Thereby, there exists an m ∈ N such that mzˆ2 − 1 ∈ F˙ 2u . By Theorem 3.8 in [6], u is
a henselian valuation. With the aid of Hensel’s lemma, we have mz2 − 1 ∈ F˙ 2. This
yields m(a¯ + b¯)2 − a¯2 ∈ F˙ 2. Since R/℘ is integrally closed in F , we further have
m(a¯ + b¯)2 − a¯2 ∈ (R/℘)2, i.e., m(a¯ + b¯)2 − a¯2 = c¯2 for some c ∈ R. Write I (R) for
the totally integral closure of R. By Theorem 1 and Corollary 1 in [11], the monic
polynomial x2 − m(a + b)2 + a2 has a root α in I (R). By Theorem 1.1, ℘ is also
a prime ideal of I (R). It follows that α2 + ℘ = m(a + b)2 − a2 + ℘ = c2 + ℘, and
α +℘ = ±c +℘. Hence α ∈ R. By the reality of v, we have 2v(a + b) = v(m(a + b)2) =
v(α2 + a2) = min{v(α2), v(a2)}  v(a2) = 2v(a), and v(a + b)  v(a). Likewise, we
have v(a) v(a+ b), since we also have a¯/(a¯ + b¯) ∈ Au \Mu. Thereby, v(a+ b) = v(a).
Moreover, we have v(b) = v((a + b) − a)  min{v(a + b), v(a)} = v(a). So we have
v(a+b) = v(a) = min{v(a), v(b)}. Therefore, v is compatible with P . This completes the
proof. 
In order to characterize real closed rings via real valuations, we need the following.
Definition 4. Let v be a valuation on a ring R with valuation pair (Av,Mv), and de-
note by λ the canonical homomorphism of Av[x] onto Av/Mv[x]. v is called henselian,
if the following condition is satisfied: For any monic polynomials f (x) ∈ Av[x] and
φ(x), ψ(x) ∈ Av/Mv[x] such that λ(f (x)) = φ(x)ψ(x) and φ(x), ψ(x) are relatively
prime, there exist monic polynomials g(x),h(x) ∈ Av[x] such that f (x) = g(x)h(x),
λ(g(x)) = φ(x) and λ(h(x)) = ψ(x).
In Ref. [19], the following lemma was established.
Lemma 2. If v is a henselian valuation on R with core Cv , then v∗ is a henselian valuation
on F , where F is the fraction field of R/Cv , and v∗ is the valuation on F induced by v as
above.
For the further investigations, some results on real closed fields of higher level are
needed.
Let (F,T ) be a preordered field of level n, let v be a valuation on F with valuation ring
Av and valuation ideal Mv , and Gv the (additive) value group of v. Denote Fv = Av/Mv ,
and for every a ∈ Av , write a¯ for the element a +Mv in Av/Mv . Then we may obtain the
following subset of Av/Mv :
Tv = {a¯ | a ∈ T ∩Av}.
Obviously, F 2nv ⊆ Tv , Tv + Tv ⊆ Tv , and Tv · Tv ⊆ Tv . In Ref. [3], the following result is
established:
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(1) Tv is a preordering of level n of Fv .
(2) There is such an exact sequence of groups as follows:
1 −→ F˙v/T˙v τ−→ F˙ /T˙ v¯−→ Gv/v(T˙ ) −→ 1,
where τ(a¯T˙v) = aT˙ for every a¯ ∈ F˙v , and v¯(aT˙ ) = v(a)+ v(T˙ ) for every a ∈ F˙ .
According to Satz 2.2 in [3], for an ordered field (F,P ), the following subset of F is a
valuation ring compatible with P :
A(P ) = {x ∈ F | n± x ∈ P for some n ∈ N}.
Denote by u the associated valuation of A(P ). Then u is a valuation on F compatible
with P , and its valuation ideal is as follows:
M(P) = {x ∈ F | 1 ± nx ∈ P for all n ∈ N}.
In the sequel, the valuation u on F is called the canonical valuation induced by P .
Proposition 2.2. Let (F,P ) be an ordered field of exact level n, denote by u the canonical
valuation induced by P , and write Fu and Γ for the residue field and value group of u
respectively. Then (F,P ) is real closed if and only if the following statements are true:
(1) u is a henselian valuation on F .
(2) Fu is an ordinary real closed field.
(3) For every prime p, Γ = pΓ if p  n or |Γ/pΓ | = p if p | n.
Proof. The conclusion follows from Theorem 3.8 in [6] and its proof. 
Actually, Proposition 2.2 may be modified as follows:
Proposition 2.3. Let (F,P ) be an ordered field of exact level n, let v be a real valua-
tion on F , and denote by Av , Mv and Gv the valuation ring, ideal and value group of v
respectively. Then (F,P ) is real closed if and only if the following conditions are satisfied:
(1) For some divisor m of n, (Fv,Pv) is a real closed field of exact level m, where Fv =
Av/Mv , and Pv = {a +Mv | a ∈ P ∩Av};
(2) v is a henselian valuation;
(3) For every prime p, [Gv : pGv] = p if p | n but p  m; otherwise pGv = Gv .
Proof. Denote by u the canonical valuation induced by P , and write Γ for the value group
of u. Then, A(P ) and M(P) are the valuation ring and ideal of u respectively. It is well
known that A(P ) ⊆ Av . Put H := u(Av \Mv). In valuation theory, the following facts are
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localization of A(P ) at Mv ; (3) u induces a valuation u¯ on Av/Mv with valuation ring
A(P )/Mv , valuation ideal M(P)/Mv and value group H such that u¯(a +Mv) = u(a) for
every a ∈ Av \Mv ; (4) H is a convex subgroup of Γ , and there is a group isomorphism of
Gv to Γ/H such that v(a) → u(a)+H for every a ∈ F˙ . Moreover, it is easy to see that u¯
is just the canonical valuation induced by Pv .
Necessity. Assume that (F,P ) is real closed. By Theorem 2.1, v is compatible with P .
Then we have 1 + Mv ⊆ P . According to Proposition 2.1(2), F˙v/P˙v is isomorphic to a
subgroup of F˙ /P˙ . Since F˙ /P˙ is a cyclic group of order 2n, F˙v/P˙v is also a cyclic group.
Since −P˙v is an element of order 2 in F˙v/P˙v , the order of F˙v/P˙v is even. Put |F˙v/P˙v| =
2m. Then m is a divisor of n, and (Fv,Pv) is an ordered field of exact level m.
Let (K,w) be a henselization of (F, v). Then (K,w) is an immediate extension of
(F, v), i.e., Gw and Kw (= Aw/Mw) may be identified with Gv and Fv (= Av/Mv) re-
spectively. By fact (3) as above, u induces a valuation u¯ on Av/Mv with valuation ring
A(P )/Mv , valuation ideal M(P)/Mv and value group H such that u¯(a + Mv) = u(a)
for every a ∈ Av \ Mv . By the isomorphism Aw/Mw = (Av + Mw)/Mw ∼= Av/Mv ,
(A(P ) +Mw)/Mw is a valuation ring of Aw/Mw . Then it is easy to see that A(P ) +Mw
is a valuation ring of K such that (A(P )+Mw) ∩ F = A(P ). Denote by uˆ the associated
valuation of A(P ) + Mw , and write Kuˆ for the residue field of uˆ. Then uˆ is an exten-
sion of u to K . Obviously, Muˆ = M(P) + Mw , i.e., M(P) + Mw is the maximal ideal of
A(P )+Mw , and Kuˆ = Auˆ/Muˆ = (A(P )+Mw)/(M(P )+Mw) ∼= A(P )/M(P ) = Fu. By
Proposition 2.2, u is a henselian valuation on F , and Fu is a real closed field. Hence uˆ is
a henselian valuation on K , and Kuˆ is real closed. By identifying Kuˆ with Fu, we have
Pu = K2uˆ = K2nuˆ .
Put Q = PK2n, i.e., Q = {pα2n | p ∈ P and α ∈ K}. Obviously, K2n ⊆ Q, and
Q ·Q ⊆ Q. Let p ∈ P˙ , and α ∈ K˙ . Without loss of generality, we may assume uˆ(pα2n)
0. When uˆ(pα2n) > 0,
(
1 + pα2n)+Muˆ = 1 +Muˆ ∈ K˙2nuˆ .
By Hensel’s lemma, we have 1 + pα2n ∈ A2n
uˆ
⊆ Q. Now assume that uˆ(pα2n) = 0. In this
case, w(pα2n) 0. Since Gw = Gv , there is an a ∈ F˙ such that w(α) = w(a). Then
(
1 + pα2n)+Mw = (1 + (pa2n)(αa−1)2n)+Mw ∈ P˙v,
since (pa2n)+Mw ≡ (pa2n)+Mv ∈ Pv and (αa−1)2n +Mw ∈ K2nw ≡ F 2nv ⊆ Pv . Hence
1 + pα2n = p1 + β for some p1 ∈ P ∩ Aw and some β ∈ Mw . Since β ∈ Mw ⊆ Muˆ, we
have
uˆ(p1) = uˆ
(
1 + pα2n − β)= uˆ(1 + pα2n)= 0,
and 1 +pα2n +Muˆ = p1 +Muˆ ≡ p1 +Mu ∈ P˙u = K˙2nuˆ . From Hensel’s lemma, it follows
that 1 + pα2n ∈ A2n
uˆ
⊆ Q. So we always have 1 + Q ⊆ Q. This implies Q + Q ⊆ Q.
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n of K . Moreover, it is easy to verify that Q∩F = P , Qw = Pv , and w(Q˙) = v(P˙ ), since
Gw = Gv . According to Proposition 2.1(2), we have
|K˙/Q˙| = |K˙w/Q˙w| ·
∣∣Gw/w(Q˙)∣∣= |F˙v/P˙v| · ∣∣Gv/v(P˙ )∣∣= |F˙ /P˙ |.
This implies that (K,Q) is an ordered extension of (F,P ). Since (F,P ) is real closed, we
have K = F . This shows that v is a henselian valuation.
Suppose that (Fv,Pv) is not a real closed field. Then, there is a finite extension L of
Fv such that [L : Fv] > 1, and Pv may be extended to an ordering Q0 of L. By a familiar
fact in valuation theory, there is a finite extension K of F such that [K : F ] = [L : Fv], and
v can be extended to a valuation w on K with residue field L. By Corollary 20.23 in [9],
[K : F ] = [L : Fv] · [Gw : Gv], where Gw is the value group of w. This yields Gw = Gv .
Denote by Aw and Mw the valuation ring and ideal of w respectively, and put Au˜ :=
{α ∈ Aw | (n ± α) + Mw ∈ Q0 for some n ∈ N}. It is easy to prove that Au˜ is a valuation
ring of K contained in Aw , and its residue field, denoted by Ku˜, is isomorphic to that of the
canonical valuation of L induced by Q0. Thereby, Au˜ is a real valuation ring. Moreover, it
is easy to verify that Au˜ ∩ F = A(P ). Hence, Ku˜ is a real algebraic extension of Fu, and
Ku˜ = Fu, since Fu is real closed. Write u˜ for the associated valuation of Au˜. Then u˜ is
henselian, since u is henselian.
Put ∆ = {α ∈ Aw | α /∈ Mw, but α +Mw ∈ Q0}, and Q := P∆K2n (= {pδα2n | p ∈ P ,
δ ∈ ∆, and α ∈ K}). Obviously, K2n ⊆ Q, and Q · Q ⊆ Q. By the argument similar to
the preceding paragraph, it may be proved that Q + Q ⊆ Q, −1 /∈ Q, 1 + Mw ⊆ Q, and
Q∩ F = P . Then Q is a preordering of level n of K . It is a routine to verify that
Q˙w = Q0, and w(Q˙) = w(P˙ )w(∆)w
(
K˙2n
)= v(P˙ )(2nGw) = v(P˙ )(2nGv) = v(P˙ ).
According to Proposition 2.1(2), we have
|K˙/Q˙| = |K˙w/Q˙w| ·
∣∣Gw/w(Q˙)∣∣= |K˙w/Q˙0| · ∣∣Gv/v(P˙ )∣∣= |F˙v/P˙v| · ∣∣Gv/v(P˙ )∣∣
= |F˙ /P˙ |.
This implies that (K,Q) is a proper ordered extension of (F,P ), a contradiction. Thus,
(Fv,Pv) is a real closed field.
Let p be a prime. If p  n, by Proposition 2.2 we have Γ = pΓ . Then Γ/H = p(Γ/H)
where H = u(Av \ Mv). By the isomorphism Gv ∼= Γ/H , we have Gv = pGv . Now as-
sume p | n. By Proposition 2.2, |Γ/pΓ | = p. Let u(a) + pΓ be a generator of the cyclic
group Γ/pΓ , where a ∈ F˙ . Then, for every z ∈ F˙ , u(z) = ru(a)+ pu(b) for some b ∈ F˙
and some r ∈ N with 0  r < p. Thereby, za−rb−p is invertible in A(P ), hence in Av .
This yields v(za−rb−p) = 0, and v(z) = rv(a) + pv(b) ∈ rv(a) + pGv . It follows that
|Gv/pGv| = 1 or p. Further consider the two possible subcases as follows:
Subcase 1: p  m. Suppose |Gv/pGv| = 1. Then, for any z ∈ F˙ , there is an b ∈ F˙ such
that zb−p ∈ Av/Mv . By the proof of Satz 3.6 in [3], we have either Fv = Fpv ∪ −Fpv if
p = 2 or Fv = Fpv if p = 2, since (Fv,Pv) is real closed. By Hensel’s lemma, we have
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have Γ = pΓ , a contradiction. Thus |Gv/pGv| = p.
Subcase 2: p | m. By Proposition 2.2, |H/pH | = p. Let h + pH be a generator of the
cyclic group H/pH where h ∈ H , and r the order of h+ pΓ . Obviously, r | p, and r = 1
or r = p. Suppose r = 1. Then h ∈ pΓ , and h = pγ for some γ ∈ Γ . By the convexity of
H in Γ , we have γ ∈ H , and h ∈ pH , a contradiction. This yields r = p. Since Γ/pΓ is
the cyclic group of order p, h+ pΓ is a generator of Γ/pΓ . Thereby, Γ = pΓ +H , and
Γ/H = p(Γ/H). This implies Gv = pGv .
Sufficiency. Observe that u¯ is the valuation induced by Pv and (Fv,Pv) is real closed. By
Proposition 2.2, the residue field (A(P )/Mv)/(M(P )/Mv) of u¯ is a real closed field. By
the isomorphism A(P )/M(P ) ∼= (A(P )/Mv)/(M(P )/Mv), Fu is a real closed field.
Let f (x) ∈ A(P )[x] be a monic polynomial, and f¯ (x) = φ(x)ψ(x), where f¯ (x) is the
image of f (x) under the canonical homomorphism of A(P )[x] to A(P )/M(P )[x], and
φ(x), ψ(x) ∈ A(P )/M(P )[x] are two relatively prime monic polynomials. By Proposi-
tion 2.2, u¯ is henselian. By the isomorphism (A(P )/Mv)/(M(P )/Mv) ∼= A(P )/M(P ),
we may regard f¯ (x), φ(x) and ψ(x) as polynomials in (A(P )/Mv)/(M(P )/Mv)[x]. By
Hensel’s lemma for u¯, we have fˆ (x) = Φ(x)Ψ (x), where fˆ (x) is the image of f (x)
under the canonical homomorphism of A(P )[x] to A(P )/Mv[x], and Φ(x), Ψ (x) ∈
A(P )/Mv[x] such that φ(x), ψ(x) are respectively the images of Φ(x), Ψ (x) under
the canonical homomorphism of A(P )/Mv[x] to A(P )/M(P )[x]. Clearly, Φ(x) and
Ψ (x) are two relatively prime monic polynomials. By condition (2), we further have
f (x) = g(x)h(x), where g(x), h(x) ∈ Av[x] such that Φ(x), Ψ (x) are respectively the
images of g(x), h(x) under the canonical homomorphism of Av[x] to Av/Mv[x]. Since
A(P ) is integrally closed in F , g(x), h(x) ∈ A(P )[x]. Therefore, u is a henselian valua-
tion.
For a prime p, we consider the three possible cases as follows.
Case 1: p  n. For any a ∈ F˙ , by condition (3) we have v(a) = pv(b) for some b ∈ F˙ .
Then ab−p +Mv ∈ Fv . Obviously, p  m. According to Proposition 2.2, u¯(ab−p +Mv) ∈
H = pH , and u(a) ∈ pu(b)+ pH ⊆ pΓ . In this case, we have Γ = pΓ .
Case 2: p | n and p | m. For any z ∈ F˙ , by condition (3) we have v(z) = pv(b) for some
b ∈ F˙ . Then zb−p + Mv ∈ Fv . According to Proposition 2.2, H/pH is a cyclic group of
order p. Let h+pH be a generator of H/pH , where h ∈ H . Then u¯(zb−p +Mv)+pH =
rh + pH for some integer r with 0  r < p. This yields u(z) + pΓ = rh + pΓ . By the
arbitrariness of z, we have |Γ/pΓ | = 1 or p. Suppose |Γ/pΓ | = 1. Then h ∈ pΓ . By the
convexity of H in Γ , we may deduce a contradiction: h ∈ pH . So we have |Γ/pΓ | = p.
Case 3: p | n but p  m. In this case, by condition (3), Gv/pGv is a cyclic group
of order p. Let v(a) + pGv be a generator of Gv/pGv , where a ∈ F˙ . Then, for any
z ∈ F˙ , v(z) − rv(a) = pv(b) for some b ∈ F˙ and some integer r with 0  r < p. Hence
za−rb−p ∈ Av \ Mv . According to Proposition 2.2, u¯(za−rb−p + Mv) ∈ H = pH . This
yields u(z) + pΓ = ru(a) + pΓ . By the arbitrariness of z, we have |Γ/pΓ | = 1 or p.
Suppose |Γ/pΓ | = 1. Then, for any z ∈ F˙ , u(z) = pu(b) for some b ∈ F˙ . This im-
plies that zb−p is invertible in A(P ), hence in Av . It follows that v(zb−p) = 0, and
v(z) = pv(b) ∈ pGv . So we have Gv = pGv ; this contradicts condition (3). Therefore
|Γ/pΓ | = p.
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pletes the proof. 
Now, we are able to establish the following
Theorem 2.2. Let (R,P ) be an ordered ring of exact level n, and let v be a real valuation
on R with valuation pair (A,M), core P ∩ −P and value group G. Then, (R,P ) is real
closed if and only if the following conditions are satisfied:
(1) P ∩ −P is a prime ideal of I (R), where I (R) is the totally integral closure of R.
(2) R/(P ∩ −P) is integrally closed in its fraction field.
(3) v is henselian.
(4) For some divisor m of n, (A/M,Pv) is a real closed ring of exact level m such that
Pv ∩ −Pv = {0}, where Pv = {a +M | a ∈ P ∩A}.
(5) For every prime p, |G/pG| = p if p | n but p  m; otherwise G = pG.
Proof. Put ℘ = P ∩−P , denote by (F,PF ) the ordered fraction field of (R/℘,P/℘), and
write v∗ the valuation on F induced by v as above. Then, the value group of v∗ is still G,
and (A∗T ∗ ,M∗T ∗) is the valuation pair of v∗, where A∗ := A/℘, M∗ := M/℘, and T ∗ is the
image of A \M under the canonical homomorphism R → R/℘. Write Fv∗ for the residue
field of v∗. By the argument above, Fv∗ may be regarded as the fraction field of A/M .
Sufficiency. By condition (4), v is compatible with P . According to Lemma 2, v∗ is a
henselian valuation compatible with PF . Write Pv∗ for the ordering of Fv∗ induced by Pv .
Then (Fv∗ ,Pv∗) is obviously the ordered fraction field of (A/M,Pv). Moreover, it is easy
to see that Pv∗ is also induced by PF . By Proposition 1.2, (Fv∗ ,Pv∗) is a real closed field,
since (A/M,Pv) is real closed. Observe that G is the value group of v∗. According to
Proposition 2.3, (F,PF ) is a real closed field. From Proposition 1.2 and condition (2), it
follows that (R/℘,P/℘) is a real closed ring. By Theorem 1.2 and condition (1), (R,P )
is real closed.
Necessity. Condition (1) follows from Theorem 1.1, and condition (2) follows from The-
orem 1.1 and Proposition 1.2. Notice that A/℘ is the intersection of integrally closed
subrings R/℘ and A∗T ∗ inside F . Thus A/℘ is integrally closed in F and is integrally
closed in A∗T ∗ . Moreover, by Theorem 1.1 and Proposition 1.1, (F,PF ) is a real closed
field of exact level n.
Let f (x) ∈ A[x] and φ(x), ψ(x) ∈ A/M[x] be monic polynomials such that λ(f (x)) =
φ(x)ψ(x) and φ(x), ψ(x) are relatively prime, where λ is the canonical homomor-
phism of A[x] onto A/M[x]. By the isomorphism A/M ∼= (A/℘)/(M/℘), we may as-
sume λ(f (x)), φ(x), ψ(x) ∈ (A/℘)/(M/℘)[x] ⊆ Fv∗ [x]. By Proposition 2.3, v∗ is a
henselian valuation. Thereby, f¯ (x) = Φ(x)Ψ (x), where f¯ (x) is the image of f (x) un-
der the canonical homomorphism: A[x] → A/℘[x], and Φ(x), Ψ (x) are two relatively
prime monic polynomials in A∗T ∗ [x] such that φ(x), ψ(x) are respectively the images
of Φ(x), Ψ (x) under the canonical homomorphism: A∗T ∗ [x] → Fv∗ [x]. Observe that A/℘
is integrally closed in A∗T ∗ . By a familiar fact about decompositions of monic polynomials
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and Corollary 1 in [11], f (x) can be factored in I (R)[x] as follows:
f (x) = (x − α1) · · · (x − αn),
where n = degf (x), and αi ∈ I (R), i = 1, . . . , n.
Putting α¯i = α +℘ ∈ I (R)/℘, i = 1, . . . , n, we have
Φ(x)Ψ (x) = f¯ (x) = (x − α¯1) · · · (x − α¯n).
Since I (R)/℘ is a domain, we may assume Φ(x) = (x − α¯1) · · · (x − α¯r ) and Ψ (x) =
(x − α¯r+1) · · · (x − α¯n). Setting g(x) = (x − α1) · · · (x − αr) and h(x) = (x − αr+1) · · ·
(x − αn), we have f (x) = g(x)h(x). Clearly, there exist g1(x), h1(x) ∈ A[x] such that
Φ(x), Ψ (x) are respectively the images of g1(x), h1(x) under the canonical homomor-
phism: A[x] → A/℘[x]. Then, g(x)−g1(x), h(x)−h1(x) ∈ ℘[x], and g(x), h(x) ∈ A[x].
Obviously, φ(x), ψ(x) are respectively the images of g(x), h(x) under the canonical ho-
momorphism: A[x] → A/M[x]. This implies that v is a henselian valuation on R.
According to Proposition 2.3, (Fv∗ ,Pv∗) is a real closed field of exact level m for some
divisor m of n. In order to verify condition (4), it is sufficient to prove that A/M is inte-
grally closed in Fv∗ .
Assume that α¯ is a non-zero element in Fv∗ and α¯ is integral over A/M . Then, for a
monic polynomial f¯ (x) ∈ A/M[x], f¯ (α¯) = 0. Obviously, there is a monic polynomial
f (x) in A/℘[x] such that f¯ (x) is the image of f (x) under the canonical homomor-
phism: A/℘[x] → A/M[x]. Since f¯ (x) is a monic polynomial with root α¯, we have
f¯ (x) = (x − α¯)mψ(x), where m ∈ N, and ψ(x) ∈ Fv∗ [x] is a monic polynomial such
that ψ(α¯) = 0. Observe that v∗ is a henselian valuation on F . Thereby, f (x) = g(x)h(x),
where g(x), h(x) are two relatively prime monic polynomials in A∗T ∗ [x] such that (x−α¯)m,
ψ(x) are respectively the images of g(x), h(x) under the canonical homomorphism:
A∗T ∗ [x] → Fv∗ [x]. Since A/℘ is integrally closed in A∗T ∗ , we have g(x), h(x) ∈ A/℘[x].
Let c is the constant term of g(x). Clearly,
c +M/℘ ≡ c +M∗T ∗ = (−1)mα¯.
Put f1(x) = xm − (−1)mc. Then, α¯ is a simple root of f¯1(x) in Fv∗ , where f¯1(x) is the
images of f1(x) under the canonical homomorphism: A/℘[x] → A/M[x]. Repeating the
preceding argument for f1(x), there is a monic and linear polynomial g1(x) in A/℘[x]
such that α¯ is a root of the image of g1(x) under the canonical homomorphism: A/℘[x] →
A/M[x]. This implies α¯ ∈ A/M . Condition (4) is verified.
It remains to verify condition (5). Observe that (F,PF ) is a real closed field of ex-
act level n, G is the value group of v∗, and (Fv∗ ,Pv∗) is a real closed field of exact
level m. Then, condition (5) follows immediately from Proposition 2.3. This completes
the proof. In Theorem 2.2, if R is a field, conditions (1) and (2) are automatically satisfied.
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real closed rings. For convenience, for a nonempty subset A of a ring R and a ∈ R, we
introduce such a notation (A : a) as follows: (A : a) := {z ∈ R | az ∈ A}.
Theorem 2.3. Let (R,P ) be a real closed ring of exact level n. Then P is the only ordering
of exact level n of R, and P may be obtained in the way as follows:
P = R2n, if n is odd,
P = R2n ∪ −(R2n : a) for a ∈ Rn \R2n, if n is even.
Proof. Put ℘ = P ∩−P , and denote by (F,PF ) the ordered fraction field of (R/℘,P/℘).
By Theorem 1.1 and Proposition 1.2, (F,PF ) is a real closed field of exact level n, and
R/℘ is integrally closed in F . Write v for the trivial valuation on R with valuation pair
(R,℘). Then, v is obviously a real valuation with core ℘, and v induces the trivial valuation
on F . By Theorem 2.2, v is henselian. For simplicity, we consider only the case when n is
even, since the case when n is odd may be treated in the same way. In this case, by Satz 3.7
in [3], we have PF = F 2n ∪ −αF 2n for every α ∈ Fn \ F 2n.
Fix one element a ∈ Rn \R2n. By Proposition 1.3, a /∈ ℘, and a¯ ∈ (R/℘)n ⊆ Fn. Sup-
pose a¯ ∈ F 2n. Necessarily a¯ ∈ (R/℘)2n, since R/℘ is integrally closed in F . By the fact
that v is henselian, we have a ∈ R2n, a contradiction. Thereby a¯ ∈ Fn \ F 2n. By the pre-
ceding argument, −a¯ ∈ PF , and −a ∈ P \ ℘. For z ∈ −(R2n : a), −az ∈ R2n ⊆ P , and
z ∈ P . It follows that R2n ∪ −(R2n : a) ⊆ P .
Conversely, let z ∈ P . If z ∈ ℘, by Proposition 1.3 we have z ∈ R2n ∩ −R2n ⊆ R2n.
Now assume z /∈ ℘. By the preceding argument we have z¯ ∈ PF = F 2n ∪ −a¯−1F 2n, since
a¯−1 ∈ Fn \ F 2n. Thereby, z¯ ∈ F 2n or −az = −a¯z¯ ∈ F 2n. Since R/℘ is integrally closed
in F , we have z¯ ∈ (R/℘)2n or −az ∈ (R/℘)2n. According to the fact that v is henselian,
we have z ∈ R2n or −az ∈ R2n. Hence, z ∈ R2n ∪ −(R2n : a). Therefore, P ⊆ R2n ∪
−(R2n : a). This completes the proof. 
Theorem 2.4. Let (R,P ) be a real closed ring of exact level n, and let v be a real valu-
ation on R with valuation pair (Av,Mv) and value group Gv . Then, one of the following
statements is true:
(1) n is odd.
(2) n is even, and Gv = 2Gv .
(3) n is even, Gv = 2Gv , and the fraction field of Av/Mv is not an euclidean field.
Proof. Write C for the core of v, denote by (F,PF ) the ordered fraction field of
(R/℘,P/℘) where ℘ = P ∩ −P , and write K for the fraction field of Av/Mv .
It is sufficient to prove that K is not an euclidean field if n is even, and Gv = 2Gv .
By Theorem 2.3, we have P = R2n ∪ −(R2n : bn) for some b ∈ R with bn ∈ Rn \ R2n.
Since −v(b) ∈ Gv = 2Gv , there is an c ∈ R such that −v(b) = 2v(c). Putting a := bc2.
Then a ∈ Av \ Mv . Clearly, a¯n ∈ Fn \ F 2n. According to the proof of Theorem 2.3, we
have an ∈ Rn and P = R2n ∪ −(R2n : an). Since Av is integrally closed in R, we have
G. Zeng / Journal of Algebra 290 (2005) 250–265 265P ∩Av = A2nv ∪−(A2nv : an). It follows that Pv = (Av/Mv)2n∪−((Av/Mv)2n : a¯n), where
a¯ := a + Mv ∈ Av/Mv . By Theorem 2.1, v is compatible with P . Then Pv is an ordering
of Av/Mv . It is easy to see that K2n ∪ −a¯−nK2n is an ordering of K . Putting PK :=
K2n ∪ −a¯−nK2n, we have |K˙/P˙K | = 2m for some m ∈ N. Since K is a real field and n
is even, we have K˙2n ∩ −a¯−nK˙2n = ∅, and |K˙/K˙2n| = 4m. Assume n = 2kr , where r is
an odd number. Suppose that K is euclidean. Then, we have K2r = K2n. In this case, for
every element ξ in the group K˙2/K˙2n, the order of ξ is a divisor of r . Thereby, the order
of K˙2/K˙2n is an odd number, and |K˙/K˙2| is a multiple of 4. This implies that K is not
an euclidean field, a contradiction. Therefore, K is not an euclidean field if n is even, and
Gv = 2Gv . Theorem 2.4 is proved. 
Acknowledgments
This work is partially supported by a National Key Basic Research Project of China
(Grant No. 2004CB318003). The author thanks the referees for their valuable suggestions.
References
[1] M.F. Atiyah, I.G. MacDonald, Introduction to Commutative Algebra, Addison–Wesley, Reading, MA, 1969.
[2] E. Becker, Hereditarily Pythagorean Fields and Orderings of Higher Level, IMPA Lecture Notes, vol. 29,
IMPA, Rio de Janeiro, 1978.
[3] E. Becker, Summen n-ter Potenzen in Körpern, J. Reine Angew. Math. 307/308 (1979) 8–30.
[4] E. Becker, Extended Artin–Schreier theory of fields, Rocky Mountain J. Math. 14 (1984) 881–897.
[5] E. Becker, J. Harmann, A. Rosenberg, Signatures of fields and extension theory, J. Reine Angew. Math. 330
(1982) 53–75.
[6] E. Becker, B. Jacob, Rational points on algebraic varieties over a generalized real closed field: A model
theoretic approach, J. Reine Angew. Math. 357 (1982) 73–95.
[7] E. Becker, V. Powers, Sums of powers in rings and the real holomorphy ring, J. Reine Angew. Math. 480
(1996) 71–103.
[8] Z. Dai, Real places and real valuations on a commutative ring, Acta Math. Sinica (Special Issue) 10 (1994)
14–25.
[9] O. Endler, Valuation Theory, Springer, New York, 1972.
[10] E. Enochs, Totally integrally closed rings, Proc. Amer. Math. Soc. 19 (1968) 701–706.
[11] M. Hochster, Totally integrally closed rings and extremal spaces, Pacific J. Math. 32 (1970) 767–779.
[12] T.Y. Lam, An introduction to real algebra, Rocky Mountain J. Math. 14 (1984) 767–814.
[13] M.E. Manis, Valuations on a commutative ring, Proc. Amer. Math. Soc. 20 (1969) 193–198.
[14] M. Marshall, Orderings and real places on commutative rings, J. Algebra 140 (1991) 484–501.
[15] V. Povers, Valuations and higher level orders in commutative rings, J. Algebra 172 (1993) 255–272.
[16] A. Prestel, Lectures on Formally Real Fields, Lecture Notes in Math., vol. 1093, Springer, Berlin, 1984.
[17] N. Sankaran, K. Varadarajan, Formally real rings and their real closures, Acta Math. Hungar. 70 (1996)
101–120.
[18] G. Zeng, Valuations and convex subrings of a commutative ring with higher level preordering, Math. Z. 237
(2001) 219–234.
[19] G. Zeng, On semireal closed rings, Comm. Algebra 29 (2001) 2171–2183.
